Thermodynamics of Simple Mixtures

1801

A New Approach to Thermodynamics of Simple Mixtures

Ingo Miiller

Department of Mechanics and Materials Science
The Johns Hopkins University Baltimore, Md. 21218

(Z. Naturforsch. 28 a, 1801 —1813 [1973] ; received 15 January 1973)

A general entropy principle is utilized to derive restrictions on the constitutive relations for
simple mixtures. The absolute temperature and chemical potentials are introduced in a novel
manner and the equality of the coefficients of thermal diffusion and of the diffusion-thermo
coefficients is proved for a subclass of simple mixtures by use of macroscopic arguments.

1. Introduction

This paper presents not so much new results but
a new and systematic method of derivation of the
thermodynamic properties of simple mixtures of
fluids. This new approach is based on a general
entropy principle, first proposed in 1, that does give
restrictions on constitutive functions without
making specific assumptions on the entropy supply
and the entropy flux. The method used for the
exploitation of the entropy inequality is the
method of Lagrange multipliers proposed and
proved by Liu in 2.

The concepts of absolute temperature and
chemical potentials are arrived at in a novel manner
by the evaluation of a continuity condition that is
postulated for the entropy flux at walls of a partic-
ular type. ’

The results derived here include the results of
classical thermostatics for mixtures and the only
new result concerns diffusion and heat conduction
in a subclass of simple mixtures: Truesdell has
shown in 3 that the matrix of diffusion coefficients
is symmetric, if the constituents exhibit binary
drags only and here it is shown that for such
mixtures the thermo-diffusion coefficients are
equal to the diffusion-thermo coefficients if the
interaction forces are independent of the tempera-
ture gradient and if the flux of internal energy
depends explicitly on the relative velocities as
prescribed by its definition.

2. Equations of Balance

In a mixture of » constituents let the following
notation be introduced for every constituent o:
0o density of mass,
v;*  velocity,
Ca density of mass production,
t;;*  stress,

m;*  density of momentum production,
gy specific internal energy,
¢;* flux of internal energy,

[*  density of energy production.

These quantities are assumed to obey the equa-
tions of balance of mass, momentum and energy
(see 4, or 5):
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where the production densities are subject to the
conditions

v
>mt=0, >Sly=0. (2.2)
a=1 a=1
which express the conservation laws of mass,

momentum and energy of the mixture as a whole.
With the definitions

v
0= 2 ow
a=1
v
o
v = = v,
a=1 @
v
tij = z (tua — Oa ui* uj“), where
a=1

u* = v* — v;  diffusion velocity, (2.3)
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summation of the Egs. (2.1) over all « leads to
conservation laws of mass, momentum and energy
of the mixture which have the same forms as those
for a single body, namely (see again 3)

) L 0p vj 0
ot a.r,- o
Cov 0
s oo ey —t) =0, (24)
do(e+3v%) ¢
ot T o
(o(e + v v+ ¢; — tyvy) = 0.

Note that the diffusion velocities u;*, defined in
(2.3)3 obey the identity

v

Soau®=0.

a=1

(2.5)

Apart from the restriction (2.2); on the cy’s, there
are others which are due to the fact that only whole
molecules interact and even those in fixed numbers.
Let n be the number of independent reactions and
let A2 (a=1,2,...,n) be their reaction rate
densities *; furthermore, let 7,¢ be the stochio-
metric coefficients of the constituent « in the
reaction @ and M, the molecular weight of con-
stituent o while m is the mass of a hydrogen atom.
Then the equations

Syt Mym =0

a=1

(e=1,2,...,n) (2.6)
describe the conservation of mass in the reactions

and it es easy to see that

ZE

> (ya Mym) Ao

a=1

(2.7)

holds, so that we have only » independent reaction
rate densities rather than », or » — 1, mass produc-
tion densities cg.

3. Thermodynamic Processes
and Special Constitutive Relations

One objective of a thermodynamic theory of
mixtures of fluids is the determination of the fields
of the densities g, and the velocities v;# of the
constituents and of an empirical temperature ¢ of
the mixture. For that one relies on the equations
* The reaction rate density A¢ is the difference in the

number densities of creations of the reaction products

and their destructions per unit time in the molecular
interaction that corresponds to reaction a.
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of balance of mass and momentum for the con-
stituents and on the equation of balance of energy
(or internal energy) for the mixture

) n

OQa CQOL’/J

ot z Yo Il[am /1

QQavi* |

o T ap (Qaviut —ty%) = m, (3.1)
: i

doe L 0 ( L) =t Qv;

0 EV; i) = by —=—
a T oy QEUT I Ty,

In order to obtain field equations for gy, v;* and &
one must supplement these equations of balance by
constitutive relations for A, t;%, m%, e, and g¢;
whose form depends on the material. I shall consider
stmple miztures** whose constitutive relations have
the general form

A8 = A9 (00> V3%, ?, 19|i)? (@=1,2,...
ti* = ti* ( — ), (e=1,2,.c00%)

mi% = m* ( ). where > m* =
a=1
e=£ Ys (3.2)
gi=q —)s

Insertion of (3.2) into (3.1) gives the desired field
equations and every solution of these will be called a
thermodynamic process.

The Egs. (3.1) represent equations of balance in
regular points of the body. We shall also be interested
in walls which we represent by singular surfaces and
there the equations of balance of the mass of con-
stituent and of momentum and energy assume the
form of jump conditions:

[0 (vj* — vj) €] =0,
lovi(vy — wy) e5] — [ty 5] = Ki, (see T) (3:3)
lo(e + 3v2)(v; — uy) €]

+ [(g5 — tijve) €] = Kiug, (see *)

where u; is the normal velocity of the singular
surface and e; is its unit normal vector. K; is the
shear force acting in the wall referred to unit area
of the wall.

While there is good reason to assume that A9, e,
¢; and t;* transform as objective scalars, vectors

** In6 I have called mixtures simple, if the constitutive
quantities are independent of density gradients of the
constituents.

+ These forms are valid only for plane walls and when u;
is constant over the wall. [y] denotes the jump of y
across the wall.
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and tensors, m;* does not. However, the interaction
force mi* — cyv* does transform as an objective
vector ** and therefore we choose it, rather than
m;*, as one of the constitutive quantities:

mi® — cq 0% = M;(0a, vi% &, i) . (3.4)

The principle of material frame indifference with
respect to Galilei transformations requires that the
constitutive functions for Ae, #;;%, M;*, & and ¢; be
the same ones in every Galileian frame and this
implies that not all » velocities »;* can occur as
independent variables, but only the » — 1 com-
binations

Vi“ = % — o,

(3.5)

Therefore, the general form of the constitutive
relations is
Aa = Aa (Qﬂ: V‘Lﬁ, 0, ’ﬁli) )
ty* = tis* ( )
( ) (3.6)
)
%=0q (——)

and all constitutive functions are isotropic functions
with respect to the Galileian group as a consequence
of the principle of material frame indifference.

The form of the definitions (2.3)4,50f ¢ and ¢;
suggests the decompositions

A |
& = e1 (00, Vi% &, ) + 2 5& U2,
a=1 Q
qi = qi* ( ) + Z%Qu U2 U™

a=1

into an ntrinsic heat flux and an intrinsic internal
energy and a contribution due to the kinetic energy
of the diffusive motion. From here on I shall
consider the case of a mixture in which A2, #;%,
mi* — ¢y v and the intrinsic quantities er, ¢,
just defined, do not depend on ¥;# and ¥ non-
linearly. The isotropy of the constitutive functions
then implies the following representations

Ao = A% (gg,9), (a=1,2,...,n)

by = — palop,?), (@=1,2,...,%)

e1 = e1(0p, ), (3.8)
v—1

mt — cqvi* = Mo*(05,9) Di + 2 M¥, (08, ) Vi?,
y=1

@=1,2,...,v—1)
v—1

@l = —x(0p,9) Vs + Ziqm(eﬂ, ) V.
=

(see **¥)

++ For motivation of this statement see®, p. 12.
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Py is called the pressure of component o and »x is
called the heat conductivity.

We shall now proceed to derive restrictions for
these special constitutive relations from the entropy
principle.

I list a useful identity here which follows from
the defiinitions of ¥;* and u;* and which permits
the calculation of one of these sets of relative
velocities from the other. We have

v—1

w* = > (0uy — 0y/0) Vi? (x=1,2,...,%). (3.9)

v=1

4. An Entropy Principle and its Consequences

I postulate that the following principle holds in a
body that is not subject to external forces and to an
external heat supply.

In every body there exists an additive quantity,
the entropy, that has a non-negative production
density, so that the inequality

don

a T

B (onv;+ @) =0

(4.1)
holds. The specific entropy 7 is an objective scalar
and the nonconvective entropy flux @; an objective
vector and both are given by constitutive relations
that obey the principle of material frame indif-
ference.

The entropy inequality (4.1) must hold for all
thermodynamic processes.

The normal component of the entropy flux is con-
tinuous at a wall where the temperature is con-
tinuous, and where the tangential components of
the velocities vanish *, so that the following jump
condition holds

o7 (vi — wy) e5] + [Dje;] =0,

if [9]=0 and EijrejUE* = (4.2)

In some recent papers (e.g. see 1.7) I have
proposed the above entropy principle in a form
appropriate to a single body, where the convective
entropy flux p#(v; — u;) e; vanishes at a wall. In
the case of mixtures such a flux can be present if
the wall is semipermeable. In passing I note that
this entropy principle does not make any specific
assumptions about the relation between the non-
convective entropy flux @;, the heat flux ¢; and
*** Note that

r=1
mi® — Cyvi® = — 2 [(mi* — cavi®) + ca Vi%].

a=
* I assume that the wall has no tangential velocity.
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diffusion velocities u;%; nor does it introduce the
concepts of absolute temperature and chemical
potentials at this stage. These concepts will
emerge naturally from the evaluation of (4.2) later.

In a mixture of the type that was characterized
in the last section the specific entropy # and the
non-convective entropy flux are given by constitu-
tive relations of the form

n = n(os, Vif, ¥, D) ,

Di = P ( ) (4.3)

where both functions must be isotropic with respect
to Galilei transformations. Here again I wish to
exclude non-linear dependence on ¥;* and ; and
therefore we have

n=n(0p. 9,

»—1

Di = gol0p, 0 Vi + 2 gwy (08, D ViV, (44)
y=1

Liu has shown in 2 that the entropy principle
implies the requirement that the inequality

\

o

o ,
ot + C.l‘j (97]1] aa q)])
¥ Cogy C0u V%
— AD’ = 4 —C
GZI ot oxy * (4.5)
4 . [ Coo v 0
— 2 ( o T oag (Qavit vt —ty®) — me*
a=1
As<6954 0 L)t g =0
— -+ (oev i) — =
o . (0ev; + g5 Y oy | =

holds for all analytic fields o4, ;% and #. The factors
A%, A" and /A¢are called Lagrange multipliers by
Liu and they may be functions of the variables
0u > Vi%, 9, 9.

Insertion of the constitutive relations (3.6) and
(4.3) into (4.6) provides an inequality whose left
hand side is linear in

The inequality must hold for arbitrary values of
these derivatives; therefore, terms containing such
derivatives must not contribute to (4.6) or else the
inequality could easily be violated. When, for
abbreviation, we make the definitions

o 817 88 o 8<D; qu

4 = __ _ A = — . 2

Pd=oy — Aoy and AA= 5 — A0,
(4.6)
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we obtain from this argument the following condi-
tions:

Q FQ{? o /19(3 —_— 0’
oM — A" 05 =0,

B=12,...,»)
B=1,2,...,v—1) (4.7)

(4.7

v—1
_;ZFFVN — A", =0, (4.7)3
B=
I'*=0, (4.7)4
I’ =o, (4.7)s5

4 Ot} 1
A?n —0 [‘Qu l(jﬁ + Z /1“1 ,_‘,I” + Ae tij uiB ==} ,
= dop 0

a=1
B=1,2...,7) (4.7)s
= ofg
A Vie Vit . B v __ ki
i —el w4 3 A% ps 4.7)7
— A% gp b + Aety OQ" =0, B=1,2,...,v—1)
y=1 v OtZ.
o AVis Wi, 8 PR kj
S\ e 20 )
— A% 9y 045 + Aty ng =0, (47)s
Age =14 (see **), (4.7)9

There remains the inequality

A9+ 5 A% cq + > A (Mm% — cq vi%) = 0. (4.8)
a=1 =1

[+ 4
In the remainder of this section I shall evaluate the
restrictions that (4.7) imposes on the constitutive
relations (3.8) and (4.4) and on the Lagrange
multipliers.

We observe that the only non-vanishing term in
IV results from the kinetic energy of the diffusive
motion. Therefore, by use of (3.9) the Eqgs. (4.7)2,3
can be written as

A" = — A¢ uif. (4.9)

Summation of all Egs. (4.7)7,5 and use of (4.9) lead
to a restriction on A% of the form

v

S A% = — 43 pa.

a=

(4.10)

The Eq. (4.7)5 is identically satisfied for the simple
constitutive class under consideration and (4.7);
and (4.7)4 can be written in the form

** Round brackets indicate symmetrization.
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on Oer

w = e

07]2/15 ae Agg_}_Agmzv: (5 __ro 1.2

00p dog Q 051 aB 0 )2 o
(=129} (4.11)

From (4.11); it is obvious that /¢ is independent of
Vi? and 9; and therefore it follows from (4.11)s that
A% can be decomposed into a part independent
of ¥;¥ and §; and another part whose dependence
on the relative velocities is explicit:

1
A (m — —‘;’i) 5 el (412)

a=1

Agﬁ = A%’ (Qd’ 0) -

Thus the two relations (4.11) may be summarized
in the form

dn = A¢

a v

aZI dd + Z (Ae ‘a_"il_ + A&) doa
(4.13)

Division of (4.7) 7 by g and of (4.7)g by g, and sub-

sequent subtraction leads to the relations
0P; 9 _ 2 0708
_ £ — ey P o8 5.
oV A OV 521 (Qy Ore 0 ) Af 04,
(y=1,2,....,9—1)

where I have used (3.7), (4.12) and, of course the
constitutive relations (3.8) and (4.4). While the
derivation of the last formula has required extensive
calculation, it is trivial to see that (4.7)9 implies
0D; dg;
PR €
aﬁ]i 4 aﬁ“‘

By integration of the last two equations we obtain

=10

Q)= Asqt + 3 Ay 0pusf,
B=1
or, by (3.7) and (4.12)

Dy = Aeq;+ 3 A% ggusP. (4.14)
=1

Tt remains to evaluate the conditions (4.7)¢. A care-
ful and somewhat long calculation, which makes

use of the results obtained so far, shows that (4.7)¢
is equivalent to

a4e ( 0y 0py )
—— t+ Ae——— | =0
CQ,S Qf S0 Z Oy — aQB 4 aQﬂ )
or with (3.8) and (3.9)
oe v—170A48 J
~ s %9|1+2 a‘b‘QVﬁrz (@y “Sor +

v o
01 e Py ) (6;'0 _

1805

This relation can obviously only be satisfied for all
l?] j and Vj" if

Ae = Ae(D)
and
oAy — Ap) A (717 Opy 1 Opy
Cop I A

(y,8=1,2,...,%).

In particular we thus see that the Lagrange
multiplier /¢ depends on ¢ only.

While the Egs. (4.9) through (4.15) exhaust the
conditions (4.7), they all still contain the multi-
pliers A%, A** and /¢ and until we learn
more about these in the next section, we are left
with but a few specific results that follow from
(4.13) as integrability conditions for #:

(4.15)

olag ol
e __@

Oop 004
oA — A$° oA¢ [ Oer e

Yo = (ay ag) 419
aln A¢
e (a zpa/oﬁ/ Z (0 06 0€1/000 — Px)

(see ***),

By use of the identity

v—1
Ao = Z (60(7 —

y=1

97) (A% — A%) + i 2z Ao
Q y=1

and (4.10), (4.15)2 one can easily show that (4.16)
is equivalent to

1 Opx 1 Opg

) - P
0a C0g (

o S =12

) V)

On the other hand the Egs. (4.15)2 imply inte-
grability conditions for A% — A% and these come
out as

1 {, py. opy
0,2 b4 603 YB3 aQ

1 Opy

Here we choose y = o = ﬁ and obtain 0py/dgg = 0
for « + v and 8 # v, whereas, if « + v and § = » we

ﬂ)]nd:o.
0

at)g

4

*%* Note that according to (4.15); the expression on the right hand side of (4.16)3 is independent of the densities g«

and depends on ¢ only.
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obtain

1 Opy 1 Opg

0x O 0 O
unless both ¢py/Co, and Op,/Co, vanish. Hence we
have

Po = P (00, ), (4.17)
or, in words, the pressure of constituent o depends
only on the density of that constituent, and on ) of
course. This result makes it clear that we are dealing
with a very special kind of mixtures which T have
called simple miztures in a previous paper where I
employed a more specific entropy principle *.

The special character of the simple miztures
considered here is confirmed by the following
argument. With all the results known so far, little
effort is required to see that (4.7)g can be written as

D; — /lf(qjI — lea u;“)
=
— = =0

C0p

0

6(?7 — At )

%05

u;h,

whence we obtain as an integrability condition for
the square bracket

O(n— Ater)  o(n— Afer) 02(n — At er) 0
Cop 0x Q0al0s
or
¢ A¢er)] =0
aQOC 60 [9(77— EI)]—‘

for o = . The general solution of these differential
equations restricts o(y — A¢¢r) to be a sum of
functions which depend on one density only. Now,
by (4.11); we have

do(n — At ex) o0A¢

Y = o o

so that p er and hence o7 are also of this additive
form and we may write

eer= 2 uta(0n¥) and on= 2 gunalox,?),
a=1 a=1
(4.18)
* Seeb. There 1 have shown that neither (4.17) nor (4.18)

below need to hold, if the constitutive quantities are
allowed to depend on the gradients of densities.
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where, of course, we now interpret ¢, and 7, as the
specific internal energy and the specific entropy of
constituent o and we note that these depend only
the density of that constituent.

The integrability conditions for A% — A¢ that
are implied by (4.15)s and (4.16)s read

3 <A£<1 Bpy _ A épy ))
of 0y Jop  or Qop
1

) ) der der
&9 205 \? 20y ~ 20y

and, by use of (4.17) and (4.18), this can be written
as

24 1 opy

P S Aefod oo ) = 0.{a.10)

For a single fluid results corresponding to (4.9)
through (4.16) may be obtained by setting » = 1
and one gets

A*=0, Aep=— A*p;

there should be an index 1 on A", /1?2, ¢ and p, but
that may be dropped when only one constituent is
present. For » = 1 the equation (4.13), by virtue
of (4.20)s reduces to

(4.20)

Oe

dn = A¢ [,

¢
-
C

aﬁd'9+<

£ P

: — Qz>dg} (4.21)
and, of course, there is no distinction between &
and ¢ in a single body. The entropy flux (4.14)
becomes

D; = /lfqi

and /¢ is a function of ¢ only by (4.15);. The
Eqgs. (4.15)2 and (4.16)1,o are identically satisfied
while (4.16)3 gives
Oln Ae
o) p20e/o—p

(4.22)

(4.23)

It is now imperative to learn more about the
Lagrange multipliers which are contained in all our
results except (4.17), (4.18).

5. Absolute Temperature and
Chemical Potentials

Let us consider an impermeable wall which
separates two different simple mixtures I and IT of
the type considered here, and which cannot support
a jump in temperature; also let the tangential
velocities of all constituents vanish at the wall.
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Such a wall is represented by a material singular

surface in the theory and we have
u = v* =

(5.1)

on either side. I eliminate the force K; from (3.3)s,3
and obtain

[qiei] =0 (5.2)
whereas (4.2) in the present case becomes
[Die]=0 if [9]=0. (5.3)

By (5.1) and (4.14) we have @; = A%¢; at the wall
so that (5.3) and (5.2) lead to

A (9) = At (9) , (5.4)

that is to say: A¢() is a universal function of .
In particular (5.4) holds if either one or both of the
“mixtures” I and II are in fact single fluids, and
then (4.21) shows that the reciprocal of A¢(F) is the
absolute temperature T(1F),

Ae(9) = 1/T(®) , (5.5)

because in thermodynamics of single bodies the
absolute temperature is defined as the integrating
denominator of the expression de — (p/o2) dp that
is a universal function of the temperature alone.
A¢€(#) can be calculated from (4.23) by integra-
tion, if only p and 0g/Co are known as functions of
o and ¢ for any single body—as they are for an
ideal gas for instance. Thus /¢() can now be
considered as a known function of 9. In fact, it is
found that 7'(#) is a monotonically increasing
function of ¥ and is therefore often used as a
measure for the empirical temperature. I adopt this
choice too from here on and thus consider all
constitutive quantities as functions of gy, 7, T
and V;%, tacitly replacing ¢ by 7' in what follows.
For the following argument we shall have to
suppose that the functions ¢(p, 7') and #(p, 7') are
also known in single fluids. Indeed, d¢/0p is known
from (4.23), after p(p, T') has been determined
experimentally, and all that is needed in addition
for the determination of &(p, 7') can be obtained
from measurements of the specific heat 0¢/07" for
a fixed o as a function of 7'. Thus &(p, 7') follows
by integration to within a constant and #(p, T')
follows from (4.21) to within another constant.
Let us consider a semipermeable wall between
two simple mixtures I and II that is permeable
for constituent y (say). Here too, we represent that
wall by a singular surface, however, now that surface

1807

is not material. Instead we have

wup=v* (e*+y) and v;=u;+ (0y/0) (vs¥ — w;)

(5.6)

at the surface. Elimination of K; from (3.3)s,3
leads to

tije; €5

[giei] — — e— $(vgp — ug) (v — ug)

=

co(vi—u)ep =0,

where (3.3); has also been used. With (3.7) and
(3.8)2 one obtains after some calculation

;2 s
lgifes] + |

+ er + 3 (vg¥ — ug) (vx¥ — ug)

R =

X o —u)e =0, (5.7)

whereas for the entropy flux we have from (4.2):

[Diei] + [m]lo(i—w)er =0, if [9]=0. (5.8)
Now @; is equal to
(1/T) g +ﬁz Af 0p usf
=1
by (4.14), so that (5.8) may be written as
o, I 0 Qi 2
lgted + T |n+ 2 (098 — As
B=1 e
X Q(’U[ — ul) e = 0 s (59)

since 7' is continuous because ¥ is and because
T(9) is a universal function.
Elimination of [¢; ¢;] from (5.7) and (5.8) leads to

{81 — T+ 3 (vk? — ug) (vi? — ug)

+ﬂ§1pn/9 — T 2 (0 — cole) Af| =0, (5.10)

or with (4.10) and (5.5)

ler — Ty + 3 (vi? — wi) (vi” — ug) — T A§] = 0.
(5.11)

We conclude that the quantity in brackets is

continuous; it is called the chemical potential of

consistuent y and we denote it by uy:

py =er— Ty + 3 (ox” — ug) (vg¥ — ug) — T AP
(5.12)

We see that u, depends on the velocity vi? — ug
in an explicit manner and I find it useful to intro-
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duce the intrinsic chemical potential

Ut = py — 3 (vr¥ — wug) (vi¥ — ug) (5.13)

which may depend on pg and ¢ only.
Multiplication of (5.12) by p,/o0 and summation
over all y leads to

¥

> (0lo) gt = e1— T'n + 2 pslo,
B=1 B=1

(5.14)

because of (4.10). Elimination of ¢ — 7'y from
(5.12) and (5.14) gives the equation

1 v wﬂ
A== ( 2, (6713 s %ﬂ’)uﬁl + ﬂ\/:lpﬂ/e)- (5.15)

F=1\
We draw the obvious conclusion that the Lagrange
multipliers A% can be calculated, if the pressure

> pg of the mixture and the chemical potentials y,!
=1
of all constituents have been measured as functions

of p1,02,..., 0y, T. Clearly the measurement of
the pressure presents no difficulty, but the experi-
mental determination of the chemical potentials is
cumbersome; in principle, it can proceed as follows:

Let us consider a wall of the type described above
that is permeable for constituent y and which
separates the pure constituent y from a mixture
of » constituents which, of course, include y. At
that surface we have by (5.11) and (5.12)

{,u’yI (Ql: cees Oy T) + %(vky - uk) (Uk." - uk)}mixture
={e(@,T) — Tn(o, T) + % (vk¥ — ug) (vk” — ux)
+ Y4 (9’ T)/Q}pure constituent y *

Every function on the right hand side of this
equation is known according to my discussion
below Eq. (5.5) and if, for given values of

Ql’ ""977 q’svi‘y_u’i

in the mixture, the density o and the velocity
vr? — ug of the pure constituent are measured,
one value of u,! results. When we repeat this for
different values of p1,..., 0y, T, v;¥ — u;, even-
tually we obtain the function w,!(o1,...,0,, T)
to within a linear function of 7', since ¢(p, 7') and
7 (0, T') in the pure constituent are only known to
within a constant. From (5.15) we may therefore
conclude that the Lagrange multipliers A% can
be calculated to within functions of the form

,2 1((575 — 08/0) (2s — T'np) (5.16)

1. Miiller

where a5 and i are the unknown additive constants
in the specific internal energy and the specific
entropy of the pure constituent f.

6. Results in Terms of Absolute Temperature
and Chemical Potentials

As T have demonstrated, it is possible to relate
the Lagrange multipliers /¢ and A% to the absolute
temperature 7' and the chemical potentials u,
which may be measured—to within functions
oy — T'f,—by measurements of the pressure and
the specific heat of the pure constituents and of the

v

pressure > pg of the mixture. We have by (5.5) and
p=1
(5.15):

Ae = 1T,

Ay = — (17) ( Zl (098 — 0p/0) ug' +ﬂ§_ Pﬂ/?)
v= =1

(6.1)

and I remark that by (4.9) the Lagrange multipliers

A" too are now determined :
A = — (1/T) ub. (6.2)

I shall now rewrite the results of Section 4, which
were derived from the entropy inequality, in terms
of T"and ug! rather than A¢ and A$. First of all.

I recall from (4.17) that
Po = P (00, T) (6.3)

holds, while by (4.18) we have

oer= 2 0uealoa, T) and on =3 oanulox,T).
a=1 a=1
(6.4)

Equation (4.10) and the definition (5.12) and (5.13)
of u,! imply

2 Py

ea—Tn=7> &y Uyt — = (6.5)
y=1 0 4

which indicates that e — 7' of the mixture is
known to within a function of the form

v

Z (0v/0) (@y — T By)»

y=1

since the chemical potentials are known to within
functions o, — 1" 3.
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The equation (4.13) now reads
1 Qer 1 2z
= ?
=7 opdT+7 2 (6.6)
e ﬂglpﬁ L1 5 %\ . 1]a
%, @ A\ T )M

and this is called the Gibbs equation for mixtures of
fluids. In the present form this equation looks
complicated, however, it is easily confirmed by use
of (6.5) that (6.6) may be written as

dlo(er — Tn)l= —ondT + 2 uytdoy (6.7)
y=1

and since we already know [see (6.4)] that g er and
on are sums of functions of only one density we

conclude that
Ouyl/0py =0, unless y=ao; (6.8)
this means that the chemical potential of con-
stituent y depends on the density of that con-
stituent only, and on 7', which again confirms the
previous observation that simple mixtures are

rather special.

The Eq. (4.14) now shows how the fluxes of
entropy and of internal energy are related:

D; = (1/T)q' — (l/T)_ZlﬂyI oyu”  (6.9)

and we conclude that this relation is specific only
to within a function of the form

zl(dv/T — By) oy us? .
e
By use of (6.1), (6.3) and (6.8) we can reduce
(4.15)2 to
dpy/Coy = 0y (9uyt/Coy)

y=1,2,...,v) [6.10)

so that we are able to determine the partial
pressures py(0y, T) to within a function of 7'. It is
interesting to see that (6.10) can be rewritten in the
form

oy _ O
0oy

=
ooy

( o O(ey — Tﬂv))
= —| 0, ——
agv & 4

with the help of (6.7) and (6.4). Integration gives

oey —7T;r]y

Py = 0y% - =

%0, (6.11)

+ (1),
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where the functions f, (7') are arbitrary except that
they must satisfy the requirement

Zlfy(T )=0
which follows from (6.5) by (6.7) and (6.4) again.
Of course, p, ought to vanish when p, tends to
zero and then obviously f,(7') = 0 holds, if only
(0ey — T'ny)|00y is finite in that limit.
The integrability conditions (4.19) on integration
lead to

Ey
2
Oy=-

Ul Ne)]

m oP
—py+ T oy =g5(T)

@)

Qv
where g¢,(7') comes in as integration constant.

Under the reasonable assumptions that p, = 0 and
Cey/0py finite for p, = 0, we thus get

1 OpyloT
T 0y*(2ey/30y) —py
which is the same relation as (4.23) but now for the
constituent of a simple mixture rather than for a
single fluid.
The integrability conditions (4.16); are identically
satisfied here * whereas the integrability conditions
(4.16)2,3 can be combined to read

(6.12)

5 02> ps

< [ZAN T =
—T\3 (m - ) or Ty lor ) 613
and, if the specific heat 0¢1/07" of the mixture has
been measured for one set of variables o1, ..., g,
as a function of 7', integration of (6.12) will deter-
mine g to within a function of the form

(0s/0) 2p -

’!.Me

B

Equation (6.5) may then be used to determine 7 to
within a function of the form

v

> (oy/0) By-

y=1

We thus conclude that the entropy principle in
simple mixtures imposes restrictions on the con-
stitutive relations which are summarized in the

* Note that (4.16); was used to derive (6.3) and (6.4).
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Eqgs. (6.3) through (6.13). Some of these restrictions
are in terms of u,I and these are not quite specific
as a consequence of the fact that the chemical
potentials p,! themselves are only known to within
functions of the form o, — 7'f,.

The indeterminancy of wu,I, e, n and @; goes
back to the fact that in a single body ¢ and # are
only known to within an additive constant from
measurements of pressure and specific heat. This
constant, of course, does not affect the balance of
energy nor the entropy inequality of a single body
and is thus irrelevant there. It is not clear at all,
however, whether the indeterminancy

in e contributes to the balance of internal energy
in a mixture and, indeed, it does, if there are
chemical reactions. To derive the form of that
contribution we must first realize that ¢; or ¢! too
can only be known to within a function of the form

v

Z Og U™ Oy
a=1

because it contains a term

v
Z O Eo Wi

a=1

Thus in ¢ & + 0¢;/0x; the indeterminate parts of
and ¢; will combine to give ¥*

v 0 a v v
Q(E \o “/) +8 (ZM“:”‘M) 2y cy,
y=1 y=1

where (2.1); and (2.4); have been used. We conclude
that, in order to obtain a field equation from the
balance of internal energy for a chemically reacting
mixture, we must be given the constants o, of its
constituents.

From (7.3); we conclude that the matrix

%IE

1 v—1 08 ; a
B (ﬁ a2 (’5"5 oo )[971 o (

(T qy= + Z (aya
Uyt

=1
5 0o o=

y=1

I. Miiller

7. Evaluation of the Residual Entropy Inequality

With the knowledge of A¢, A% and A™* by (6.1),
(6.2) and with @; given by (6.9) and ¢, by (2.7) we
may now write (4.8) in the form

1 [y oT
< qu—zj «?(T)O/u]/) (‘)Z’f

n
= { > v6* Mpm(ugl + %uﬁz)} As - (7.1)
a=1 (=1
— > (mg? — cyv?) u? =0.
v—1

A process in a reacting mixture is called an
equilibrium, if i) the fields of temperature and
velocities are uniform and time independent, ii) the
velocities of all constituents are equal and iii) the
reaction rate densities all vanish.

It is obvious that the left side of the inequality
(7.1) which I denote by ¢ has its minimum, namely
zero, in equilibrium and hence follows by necessity
that ***

do _0 do —0 Jo 0 g
CT,j E ’ eVﬂ’ E_ ’ o/e E_ ()
020 2g
0T 0T |g T4 OV, |||
gz o B wlz e positive semi-definite
g (olals
ol s VeV |
%0 . . .
Ada At positive semi-definite (7.3)
°4 E

The conditions (7.2)1, are trivially satisfied by the
constitutive relations (3.8) and (7.2)3 yields the
law of mass action

Zyﬂajy[ﬁ,uﬁIlE:O (a:1,2,...,n)
B=1

(7.4)

which furnishes 7n relations between the » den-
sities 0y.

0 [yt — sl
)[yTaT< 7 »*M“>E

>'h (7.5)

- ) + Ms?

E

** The dot denotes the material time derivative 0/0t + v; 0/0w; .

*%% Note that ¢ may be regarded as a function of A%(a =1,2,...,

equilibrium.

n) and of » —n densities ga. The index £ denotes
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is positive semidefinite, while (7.3)s
simple here,

gives nothing
where I have not written down
explicit relations for the constitutive quantities /1¢.

diffusion can be
following form

derived from the balance of momenta of the constituents.
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8. Fid’s Law, Thermal Diffusion and
Diffusion-Thermo-Effect

Various considerations suggest that Fick's law

I write these in the

CL1 thj“ .
vaz“%—oau;“’a;— o = Mmy* — Co Vi* (@=1,2,...,9). (8.1)
Division by o4 and substraction of the last equation from all others gives
. Qv g 1 Oty 1 aty 211 1 v—1
Ve T ] _ = — Oty mg? — Cqyp V5V cy Vi%.
! +( g ! cx,) 0 0xj or O 'ygl Qv S Oy o St Ov azla !

In this relation I drop the acceleration term * and all products of quantities that vanish in equilibrium;
furthermore I introduce the constitutive Eqs. (3.8)2 for ¢;7 and solve for m;# — cgv;f:

v—1 1
miﬁ — g ’UiB = 0 Z (éﬂa == '%a>(
With (6.10) one obtains

<

3 T
miﬂ-—chiﬂ_QﬁTz ((Sﬂa Qa) (‘u“ TL)

axi

o

0Py 1

QOa 6xi

— ,f_cp;')’ f=1,2,...,v—1. (8.2)

oy Ox;

7—1 0q 1 Opqy 1 opy 0 [ ped — pt ) orT
L ] Rl .. (BT =1,2,...,v—
tog3 (o0 )< e " g oT T oT ( 7 ) 2o =12y —1)
and finally for the diffusion fluxes osu;® with (3.8)4
y—1 v—1 B d /"11 _ ,uvI
Q?’uio :azl {_ Z FO‘V(SIR 1)‘;’[3 Fﬂi T} [— axi ( T - )] (83)
E= e 1 opa 1 Opy 0 [ pal — ol o(1/T)
1 2 MaB — 1 _ _ - el 2
{3 B )0 12 M08 — S F o ot B = e = 0 (# o] | O

where the matrices Fys, and s, have been intro-
duced according to the definitions

Fo-y = 04 (30«, = 0 Qy/Q and 9)?07 = Jf}zf»’ . (8.4)

Equation (8.3) represents Fick’s law, or rather a
generalization of this law which is well known from
linear irreversible thermodynamics (e.g. see 8),
where the relation (8.3) is expressed in a suggestive
manner in these words: The diffusion flux psu;% is
driven by the thermodynamic forces

0 (ua —pt )

== — an = &
axi ’

= (8.5)

that the diffusion flux depends on the temperature

gradient is known as the thermo-diffusion-effect.
In linear irreversible thermodynamics it is also

customary to express the flux of internal energy in

Elimination of psui® between (8.3) and (8.6) and relabeling of indices leads to

i =v—21 {

=1

v—1
ZFM M- l)ﬁvFBaQa }—
=1

o, pB,7=1

oxi

+ {x T2 +

,Byd 1

(1

T
S Qo Foy(M1)yg T2 Mob — > Qs Foy(IM1),5 Fau

0 [ ot — put
Ry

terms of the thermodynamic forces (8.5). From
(3.8)5 we have
S= o(1T)
gl = ZQoQoui"—%-%T’ /1 ;
3= Cli
where (8.6)
v—1 1 1
—= O ) -
e y‘zl(go L L
v—1
(8.7)
a,ﬁ,yd 1
0 p T (s g [OUID
oy T or T ox; '

* In6 I have demonstrated that one can obtain a hyperbolic diffusion equation, if the acceleration is kept.
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The dependence of ¢ on the gradients of the
chemical potentials is called the diffusion-thermo-
effect.

The Egs. (8.3) and (8.7) are of the forms

0sui® =:§11Loa [— aij ( pa ; pt )]
+ Ty [0(61/77*)] ’
L
i —é:lwo [~ Cil (ﬂol ; /‘jl)] 8.8)
)

where the definitions of the coefficients Lsy, Lsy,
Ly,s and Ly, may be read off from the comparison of
(8.8) with (8.3) and (8.7).

Linear irreversible thermodynamics contends
that the coefficients in (8.8) obey the symmetry
relations (see 8, p. 427)

Loy = Lys and Lgy — = Lys (8.9)

and Truesdell has shown in 3 that (8.9); can indeed
be proved for mixtures that exhibit binary drags

The symmetry relations (8.9)g then read

Zdeﬁm 1)ﬂvFﬁa(€a—€r+ Qr)T
%f87=1 Qo Oy
'S 1 opa
=3 Foy(M1)s5 Fgo |
a,ﬂ%=1oy( )yﬁ A ( Ou orT

Since I have already accepted the symmetry of IR,
it is obvious that (8.13) will be satisfied, if the two
expressions

1 Opa 0 [ pod ( j25
it PR Wl £
o T o7 T or ( T ) and &o + Qa)

(8.14)

can be shown to be equal.
rewritten as

d [,e,ﬂ&;ﬂ)} —

Now, (6.7) can be

Qer c u
 y dT—l—Z « “doq

whence follows as an integrability condition
0 (mal)_ 1
T\ T )T T T

Hence follows for the expression (8.14); with (6.4)
and then with (6.12)

ag E1
004
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only, a restriction which imposes two conditions on
the coefficients M5, :

1) MY, does not depend on gg, if 6 + f or y,
2) M%, —0, if pg— 0. (8.10)

I proceed on the assumption that (8.9); indeed
holds. This obviously implies that the matrix I is
symmetric and I now characterize a special case in
which (8.9)2 can be proved:

i) the interaction force m# — cgv:f is independent
of the temperature gradient, i.e.

Myb=0, (8.11)

ii) The flux of internal energy ¢;I depends on the
relative velocities only through the explicit terms
v—1

2 (50 — &+ ’Po - *py')goutd

=1 Y Or

that go into its definition [see (2.3)s5]. By (8.6) this
means

Po Py

Qo= €5 — & + PPl (8.12)
1 o O\ Moi — frs \\ /g
— o or TaT)——— - ) T (8.13)
1 apa 9 a ,ch
¢ T or — T TT( )
0 ey
=T pa‘*‘ea‘{‘ea —€a+&
Qa Qa

Thus the first of the two expressions in (8.14) is
indeed equal to the second one. It has therefore been
proved that the symmetry relations (8.9) hold in
the special simple mixtures characterized by the
conditions (8.10) through (8.12): In these mixtures
the coefficients Lgy of thermal diffusion are equal to
the coefficients Lys of the diffusion-thermo-effect. This
result provides an extension of the corresponding
result in ¢ where I considered the kinetic theory of
a mixture of Maxwellian gases.
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